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Abstract: This study focuses on the properties of a non-Newtonian three-dimensional cross nanofluid
flow taking into account convective boundary conditions as well as the influence of thermophoresis and
Brownian motion. Furthermore, the research analyse the effects of a thermal radiation, magnetic field,
and heat generation. Similarity invariants are obtained from the governing equation of flow problem
which are non-linear partial differential equations (PDEs). The non-linear PDEs are reduced into
ordinary differential equations (ODEs), from which a similarity solution is obtained through the
application of the established similarity invariants. The MATLAB bvp4c package's default solver for
boundary value problems is employed to numerically solve obtained non-linear equations. A graphical
analysis is conducted to show-case the effect of various parameters of fluid flow on temperature,
concentration, and velocity profiles. Moreover, local skin friction coefficients, the rate of heat and mass
transfer are tabulated and analysed.

Keywords: Cross fluid, Similarity solution, Nanofluid, MHD
Introduction:

Adding nanoparticles in the base fluid improves its thermal properties [1]. Nanofluids have various
applications, including the cooling of microelectronics, thermal energy storage, solar power systems,
and drug delivery mechanisms in medicine [2]. The non-Newtonian fluid models, including Powel-
Eyring, Reiner-Philippoff, power law, Prandtl Eyring, and Sisko, play a crucial role in engineering and
industrial applications [2,29,30,31,32,33]. However, these models are limited in their ability to analyze
fluid behavior across varying shear rates. The fluid model namely Cross was created to investigate the
behavior of fluids under both extremely low and high shear rates [3]. The Cross fluid model has proven
effective in analyzing the behavior of blood, as well as 0.35% aqueous solutions of Xanthan gum ,0.40%
aqueous solutions of polyacrylamide, and polymeric solutions. [20]

Magnetohydrodynamics (MHD) describes the interaction between magnetic fields and electrically
conductive fluids. This phenomenon occurs in various environments, including the ionosphere, the sun,
and power generation facilities. Additionally, non-Newtonian fluids are influenced by hydromagnetic
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effects. Non-Newtonian fluids and magnetism have significant role due to their diverse applications in
both research and industry. These applications range from blood flow measurement techniques and turbo
gear systems to the cooling of nuclear [4]. Consequently, numerous researchers have increasingly
focused on examining the impacts of magnetic fields on heat transfer and mass transfer within the flow
of nanofluids [5]. The analysis conducted by R. Codi et al. [4] for Maxwell mixed convection nanofluid
around a vertical cone composed of porous material, with the effects of fluctuating diffusion and thermal
conductivity Their findings shows that the presence of magnetic parameters causes a decrease in
velocity.[4]

Literature Survey

AM. Sedki [5] conducted a study of Cross fluid that includes nanoparticles and gyrotactic
microorganisms over a horizontal cylinder situated within a porous material for bioconvective heat and
mass transfer. This investigation took into account various factors such as thermophoresis, Brownian
motion, magnetic fields, chemical reactions and thermal radiation. The findings indicated that the Cf
(skin friction coefficient) increases with an increment in the magnetic parameter [5]. A research on the
Casson fluid flow with nano particles across an inclined permeable stretching surface was carried out by
Cui et al. [6], considering the impacts of heat generation, viscous dissipation, magnetic fields, thermal
radiation and the characteristics of a porous medium, utilizing the Darcy—Forchheimer model through a
local non-similarity approach. Their findings indicated that the frictional factor at the inclined stretching
surface is enhanced by the influence of Lorentz forces and the porosity parameter [6]. Shah S. et al. [7]
performed an investigation into the MHD flow of a Carreau fluid across a non-linear stretching or
shrinking surface, while considering influences of chemical reactions and thermal radiation. They
utilized similarity transformations to formulate a set of ODEs [7]. Ganesh et al. [8] performed an
investigation on MHD Carreau nanofluid, by considering the effects of nonlinear type thermal radiation
under slip conditions pertinent to heat and mass transfer boundaries. Their results indicated that rise in
the radiation parameter within the boundary layer region results in an elevation of both the Nusselt (Nu,.)
and Sherwood number (Sh,) [8].

S. Nadeem et al. [9] examined the behavior of Maxwell MHD nanofluid over a vertically moving porous
flat plate, by considering the effects of heat absorption, thermal radiation, and viscous dissipation. Their
finding show that rise in the heat absorption coefficient results a decay in both the profile of temperature
and the Sherwood number (Sh,), and opposite behaviour Nusselt number (Nu, ) experiences an increase.
Furthermore, Jyotshna, M., and Dhanalaxmi, V. [10] investigated the influence of convective conditions
at boundary, thermal sources and sinks, thermal radiation, and activation energy on a porous stretched
sheet. They employed a MHD Williamson nanofluid with GaN nanoparticles and ethylene glycol within
a three-dimensional framework. They found that rising the heat source parameter results in a rise in the
temperature profile, accompanied by a reduction in the concentration profile. Numerous researchers
have examined the convective conditions at boundary of heat and mass in Newtonian and various non-
Newtonian fluid models under diverse physical conditions, analyzing the impact of Biot numbers on the
flow dynamics ([10],[11],[12]). The analysis of 2-Dimensional mixed convection cross fluid flow,
incorporating convective boundary conditions and the effects of thermal radiation, was conducted by
Mehwish Manzur et al. [18]. They analysed the same through the application of dimensionless variables
to transform the system into ODEs.

The study of Cross axisymmetric fluid flow passing through a radially stretching sheet in cylindrical
polar coordinates was conducted by M.Khan et al. [20]. They utilized similarity invariants to reformulate
the governing equations into non-linear ODEs. T. Hayat et al. [19] considered the flow over a stretched
surface in two dimensions for Cross fluid, transforming the equations of boundary layer into a non-
dimensional form through appropriate transformations. M.l. Khan et al. [21] examined the 2-D flow of
a Cross liquid that is incompressible and electrically conducting over a moving surface. They considered
the influence of chemical reactions and activation energy on the nonlinear differential system. K.
Masood et al. [22] analyzed two-dimensional flow over a linearly stretching sheet of Cross fluid by
appropriate local similarity transformations. Additionally, A.M. Megahed and W. Abbas [23] explored



the effect of chemical reactions and heat generation /absorption for cross fluid flow past a stratified
stretching surface, incorporating thermal and solutal stratification boundary conditions.

We have derived similarity invariants for a 3-D Cross nanofluid model using Lie group theoretic method.
Applying similarity invariants, we have obtained similarity equation which are ODEs.

Governing Equation of the Boundary Value Problem

Here we have worked on the three-dimensional Cross nano non-Newtonian type fluid model. The flow
is incompressible, steady, laminar over a linearly stretching surface with the velocity u,, = ax in X -
direction and v,, = by in Y-direction. In this case, the stretched sheet is subjected to magnetic field B
applied uniformly oriented perpendicular to the surface. For the flow examination, the conditions of
convective boundaries are taken into consideration. Heat generation/absorption impacts, as well as the
impact of thermal radiation, are also considered in the heat transfer study. At an infinite distance from
the sheet's surface, T,, and C,, are considered to be evenly dispersed temperature and concentration.

h; = coefficient of heat transfer, h; = coefficient of convective mass transfer, Tr = temperature of hot
fluid, C; = convective concentration of fluid
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Boundary values for convective mode are given by:
u=u, =ax,v =1, = by,w= 0,—k3—§ = hf(Tf — T),—DBZ—E =hg(Cr—C)atz=0
u=0v=0w=0T=T,,C=C,atz=c0 (6)

u = viscosity of the nanofluid, p = density of the nanofluid, and Ay =
thermal diffusivity of the nanofluid , k = thermal conductivity, pc, = heat capacitance

We have considered shearing stress and the rate of strain relationship in the following form.

u Lo
F (sz ) =0and G (rz, ) = 0 Where, Shear stress 7, = H(‘Zﬁ)n and 1, = —H(i%_y)n ,

I' = material time constant or consistency index, n= the power-law index, u =velocity of the fluid in
the X direction, v =velocity of the fluid in the Y direction, w =velocity in the z direction, C = fluid
concentration, T = fluid temperature, T =heat capacitance ratio, p =fluid density, D = Coefficient of
thermophoresis diffusion, Dg= Brownian diffusion coefficient, Q, = coefficient of internal heat
generation, g,- = radiative heat flux, , a= thermal diffusivity, , o = fluid electrical conductivity
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Where k* =absorption coefficient, 6*= the Stefan—Boltzmann constant.

Here writing T* in terms of T,, by ignoring higher order terms as follows:
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By considering non-dimensional variable
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Invariance Analysis by Generalized Group Theoretic Method

Group theoretic method with two parameters have been applied. The three independent variable
boundary value problem (BVP) is transformed into one independent variable problem. The two
parameters group transformation in (c,, c,) is written as below.

G5 = R5%(cy,¢3) + ¥3(cq,c5) s (11)
Where s refersu, v, w,x,y,z,0,¢, 74, T,

XSand RS are real valued differentiable functions of (¢4, c,)

Equations (1) to (5) of considered BVP with given boundary conditions remain invariant under the group
of transformations defined in equation (11).
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The invariance of above equations implies that
C(c1,¢2) = E(cy,¢2) = Geq, ¢2)==1(cy,¢2) = K((e1,¢2) = M(cq,¢2) = 0
This is satisfied if we take R* = R = RY = R® = R? = Rt = R%2 = ()
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So, from equation (19) to (23) with boundary conditions (BCs) in (6), derived following relations
between functions of two parameters.

R% = R%, RV = RY,R¥ = R7 = R® = R¥ =R = K2 = 1,
R“*=R*=R"=R"=R"=R*=R=R?=R"1=R2 =0 (24)

The group transformation of two-parameter is derived in following form.
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Using above similarity variables, we derived following equations by transforming governing equations
(1) to (6) with conditions at boundary.
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To reduce one equation, take g, = G;, g, = G,
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with boundary conditions:
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Numerical solution:

We must transform the aforementioned system of equations in order to use Bvp4c, into a system of
differential equations of first order.

Take ¥1,¥2,¥3 as G1, G}, G1 and Y4, ¥s, ¥e as Gy, Go, G respectively. y7, ¥g, ¥9, Y10 8 ¢4, G4, 5, Fs5

respectively.
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Result and Discussion

We had analysed heat transfer for different parameters like Thermophoresis parameter (N;), Prandtl
number (pr), Brownian motion parameter (N,), radiation parameter (R;) and heat generation
parameter (1,). Figures 1 to 5 shows that how various parameters affect the temperature profile.

Figure 1 indicates the Prandtl number and the thermal profile relationship. Figure shows that as
increasing (pr), temperature profile decreases. Lower Prandtl number (pr) values correspond to higher
thermal diffusivity. So, more heat would spread through such fluids, resulting in higher temperature.
Theoretically, the Prandtl number (pr) and thermal diffusivity are in inverse proportion, leading to
inclination in the thermal profile. Also, figure 1 shows that temperature profile higher for n < 1 then
n>1.

The impact of the thermophoresis parameter (N,) on temperature is illustrated in Figure 2. The
thermophoresis parameter affects temperature by influencing how particles flow across a fluid
medium. A higher thermophoresis parameter signifies a stronger thermophoretic force. In physical
terms, N, represents the temperature difference in the cross nanofluid, defined as the difference
between the heated fluid temperature behind the sheet and the liquid temperature at an infinite
distance. As a result, increasing the N, values results in a greater temperature disparity between the
infinite region and the surface, thereby contributing to an augmentation in the temperature of the cross
nanofluid. Figure 2 shows increase in temperature profile as raising N; in all cases for n =1, n less
than and n greater than 1.

Figure 3 demonstrates the outcome of heat generation/absorption parameter (4,) on temperature. The
heat transfer phenomenon is enhanced by the internal heat generation/absorption parameter. Figure 3
shows an increase in (1,) heat generation/absorption parameter temperature profile rises.

Figure 4 indicates the influence of the R; on temperature profile. Due to the increment in radiation
parameter heat transfer escalates, and enhances thermal profile. Same phenomenon observed for all
values of n. Figure 5 indicates impact of N; on Concentration profile for Shear thinning, Newtonian
and Shear thickening fluid. From a theoretical perspective, a greater thermophoresis parameter indicates
a stronger thermophoretic force. This stronger force causes a significant movement of fluid particles.
The fluid particles move from hot surface towards the cooler regions. Due to this movement
concentration of nanoparticles increased in those areas. So, in figure 5 we observed increased
concentration boundary layer as values of N, raises in all three fluid types.

Impact of N, on Concentration profile for Newtonian (n =1), shear thinning (n less than 1) and shear
thickening (n greater than 1) fluid is depicted in Figure 6. Physically, Brownian motion leads particles
to move against the concentration gradient, to get a more homogeneous nanofluid. Because of this
motion of nanoparticles, the concentration profile decreases. Similar trend observed in figure 6 for all
different values of n.

The rise in the Sc (Schmidt number) leads to reduced Brownian motion, resulting in a decrease in
nanoparticle concentrations. Figure 7 shows, a higher Schmidt number decline in nanoparticle
concentration due to greater molecular diffusivity.

Figure 8 indicates the fluctuations of N, (Nusselt number) for various values of Bi,, Bi, (thermal biot
numbers) and radiation parameter. The increased convective heating reduces the rate of heat transfer
from the stretched sheet. The convective heat transfer mode means to heat or cool the sheet's surface by
a hot fluid with temperature T. Convective heating is the reason for the rise in fluid temperature.

1
The fluctuations in (Re) 2Sh, (Sherwood number) for radiation parameter and for different values of
(Biy, Bi,) biot numbers is shown in figure 9. This figure makes it clear that rise in biot number is the
reason to Sherwood number grows. It indicates that as biot number grows, the mass transfer rate
develops.
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Numerical Solution:

Table 1 and Table 2 shows numerical data of (Sh,) Sherwood number, (Nu, ) Nusselt number and skin
friction coefficients (Cr,, Cr,) for various physical parameters. Impact of (c) stretching ratio parameter,




(pr) Prandtl number, (N; ) Thermophoresis parameter, (N,) parameter of Brownian motion and (Sc)
Schmidt number on both (Sh,) Sherwood number and (Nu,) Nusselt number is presented in Table 1.
As (Sc) Schmidt number grows, ( Sh,) Sherwood number and (Nu,) Nusselt number declines. Same
trend observed for (N;) Thermophoresis parameter. Sherwood number accelerates and Nusselt number
decreases as (N,,) Brownian motion parameter, (c) stretching ratio parameter and (pr) Prandtl number
increases.

Effects of magnetic parameter(M), Weissenberg number(We;, We,), stretching ratio parameter (c)
and the power-law index (n) on skin friction coefficients (s, Cr,) is depicted in Table 2. Growing
(M) magnetic parameter, (Cr,) X-directional skin friction coefficient is growing whereas reverse impact
on (Cr,) Y-directional skin friction coefficient. As local Weissenberg number (We,) accelerates X-
directional skin coefficient(Cy,) whereas declines Y-directional skin friction coefficient(Cr,). Reverse
trends observed for Weissenberg number (We,). X-directional skin coefficient (Cy,) declines and Y-
directional skin friction coefficient (Cr, ) grows for increase in stretching ratio parameter (c) and power-

law index(n).

Table 1:
c pr | N, | N, | Sc Sh, Nu,
0.9 0.7 0.5 0.1 0.1 -3.70057517286095 0.722776517903128
0.9 0.7 0.5 0.1 0.2 -3.95082702597790 0.721931209945843
0.9 0.7 0.5 0.1 0.3 -4.16571065016962 0.717464519154662
0.9 0.7 0.5 0.1 0.4 -4.40128529043976 0.714922709671519
0.9 0.7 0.5 0.2 0.4 -3.41176185307158 0.708635291168439
0.9 0.7 05 0.3 0.4 -3.07528510011997 0.701842408808120
0.9 0.7 0.5 0.4 0.4 -2.90811657867256 0.694365854994777
0.9 0.7 0.6 0.4 0.4 -2.99007584203396 0.691794363956845
0.9 0.7 0.7 0.4 0.4 -3.06551727954635 0.689259936463397
0.9 0.7 0.8 0.4 0.4 -3.14156483818735 0.686840571102522
0.9 1 0.8 0.4 0.4 -2.63424577647820 0.613571074796583
0.9 15 0.8 0.4 0.4 -0.74881679515678 -0.000794467636910
0.9 2 0.8 0.4 0.4 1.93911540196176 -1.053993193841240
11 0.7 0.8 0.4 0.4 -3.62575529832887 0.688784250586004
1.3 0.7 0.8 0.4 0.4 -0.77617455709581 0.323046651755941
15 0.7 0.8 0.4 0.4 1.97501683547182 -0.177429481047915
Table 2:
M | We, | We, c n Crx Cry
0.1 2.2 2.2 1 1 0.342437275092393 | 0.666973956893875
0.2 2.2 2.2 1 1 0.453571908128068 | -0.106328487627370
0.3 2.2 2.2 1 1 0.453751787015479 | -0.108580752332336
0.3 2.4 2.2 1 1 0.506602412167393 | -0.096127508782605
0.3 2.5 2.2 1 1 0.399990376932584 | -0.103759801383984
0.3 2.6 2.2 1 1 0.384524176624877 | 0.446877991818451
0.3 2.2 2.4 0.9 1 0.455112664259661 | -0.052018790488570
0.3 2.2 2.5 0.9 1 0.464351781500088 | -0.061529111378182
0.3 2.2 2.6 0.9 1 0.482445626153410 | -0.100054391617870
0.3 2.2 2.2 1.7 1 0.455222887378393 | -0.081019079799131
0.3 2.2 2.2 1.8 1 0.454855007015849 | -0.054029912778095
0.3 2.2 2.2 1.9 1 0.454258443014128 | -0.043476486217571




0.3 2.2 2.2 1 0.9 0.618713703697608 | -0.130312288899883
0.3 2.2 2.2 1 1 0.453751787015479 | -0.108580752332336
0.3 2.2 2.2 1 11 0.249935194837912 | -0.097045409225205

Conclusion:

e Temperature of cross fluid is elevated as increasing value of N;.

e The increasing values of pr, A, Rd decreases cross fluid temperature.

e The concentration profile accelerates as increasing N; whereas opposite impact of Npand
Sc.

e The increasing values of Biot numbers resulted in the elevation of the Sherwood number
whereas opposite effect on Nusselt number.

e Skin friction coefficient (Cr,) in x-direction decreases as value of power-low index
increases.We; increases then Cr, decreases.and reverse impact of We,.

e The temperature profile of a Newtonian fluid is higher compared to both shear-thinning(n < 1)
and shear-thickening(n > 1) fluids, indicating that Newtonian fluids retain more heat due to
their consistent viscosity, whereas non-Newtonian fluids exhibit varying thermal conductivity
and flow resistance, affecting heat distribution.

e The concentration profile of a shear-thinning fluid(n < 1) is higher than that of Newtonian(n =
1) and shear-thickening (n > 1) fluids, suggesting that reduced viscosity at higher shear rates
enhances mass transport and diffusion, leading to a more uniform distribution of solute
particles.
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